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1 Introduction 

In 1994, using the traceless second fundamental form = A — HI as- 
sociated to an immersed hypersurface M n § n+1 , H. Alencar and M. do 
Carmo, see [AdC], proved that 

Theorem. Let M n S-> S n+1 be an immersed hypersurface. If M n is 
compact and orientable with constant mean curvature H and 

\4>? < B H , 

where Bh is the square of the positive root of 

p H {x) =x 2 + ^ (n ~ 2) Ex - n{H 2 + 1). 
y/n(n - 1) 

Then: 

(a) Either \(p\ 2 = (and S 2 is totally umbilic) or \<p\ 2 = B H . 

71 — 1 

(b) The H(r)-tori § n_1 (r) xS^l-r 2 ) with r 2 < are the only hy- 

persurfaces with constant mean curvature H and |0| 2 = Bh- 



Motivated by this result we decided to study this problem for surfaces in 
M 2 (c) x M with c = ±1, where M 2 (-l) = H 2 and M 2 (l) = § 2 . 

x The author was partially supported by CNPq, at UFAL, Brazil. 
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We begin by using the traceless second fundamental form associate to 
an immersed surface £ 2 S-»- M 2 (c) x R. 

Then we study, in section 3, a special tensor S defined by 

SX = 2HAX -c< X,T > T + |(1 - v 2 )X - 2H 2 X, (1) 

where X £ T P E, A is the Weingarten operator associated to the second 
fundamental form, H is the mean curvature, T is the tangential component 
of the parallel field d t , tangent to M in M 2 (c) x K, and v =< N, d t >. 

This operator satisfies Codazzi's equation, provided H is constant, and 
its trace vanishes. We remark that any surface with \S\ — and constant 
mean curvature is very interesting, because the (2,0)-part of the quadratic 
differential Q, 

Q(X, Y) = 2H < AX, Y > -c < X, d t >< Y, d t >, 

of these surfaces is null. In [AR] section 2, Abresch and Rosenberg described 
four distinct classes of complete, possibly immersed, constant mean curvature 
surfaces £ 2 ^ M 2 (c) x M. with vanishing (2,0)-part of quadratic differential 
Q. 

Three of these classes are comprised by the embedded rotationally in- 
variant surfaces; (z) they are the constant mean curvature spheres Sfj R-> 
M 2 (c) x R of Hsiang and Pedrosa, see [Hs] section 3 to the case tfxl 
and [PR] to the case § 2 x M., (ii) their non-compact cousins D 2 H , and (Hi) 
the surfaces C\ of catenoidal type. The fourth class is comprised of certain 
orbits Pff of the 2-dimensional solvable groups of isometries of M 2 (c) x M. 
In this paper we will call these surface described in [AR] Abresch-Rosenberg 
surfaces. 

Then we obtain an equation of Simons type to 5* and apply it in some par- 
ticular cases: 

Theorem 1.1. Let X 2 S-+ M 2 (c) x R be an immersed surface with non zero 
constant mean curvature H and S as defined in ([2]). Then, 

\a\S\ 2 = I VS| 2 -\S\ 4 +\S\ 2 (^f- C - + 2H 2 -^< ST, T > 
+c\ST\ 2 - J- < ST,T > 2 . 

1 / 4H 2 — 1 \ 

Let us consider the polynomial pn{t) = —t 2 — —t + I I . When 

H \ 2 J 

H is greater than one half then there is a positive root for pn- Let Lh be 
such the positive root. One has: 
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Theorem 1.2. Let X 2 S-> § 2 x K 6e a complete immersed surface with con- 
stant mean curvature H greater than one half. Assume that 

sup \S\ < Ljj. 
s 

Then S 2 = S^, ie, X 2 is a Hsiang-Pedrosa sphere. 

AH 2 - 1 

Remark. 1: The number Lh is 



- 2H 2 + 1 - 1 



■ , , , ■ i / n 9 1 (%H A -l2H 2 -l\ 

Let us consider the polynomial qnyt) = —t — tf^+ TTFo • 

H \ 4H 2 J 

When H greater than \ — — , then there is a positive root for qn- Let 

V 16 
Mh be such the positive root. 

Theorem 1.3. Let S 2 S-> H 2 x R 6e a complete immersed surface with con- 
stant mean curvature H greater than \j — — ~ 1.25664. Assume that 

V 16 

sup \S\ < M H . 

s 

Then S 2 is an Abresch-Rosenberg surface. 

8H 4 - 12H 2 - 1 



Remark. 2: The number M H is 



2H(V8H* - 12H 2 -1 + 1)' 
Remark. 3: We have obtained some results in the compact case in section 

4. 

Acknowledgements. This is part of my Doctoral Dissertation at IMPA. 
I want to thank M. do Carmo for his orientation and H. Alencar for helpful 
suggestions and his co-orientation. 



2 Preliminaries 

Let S 2 S-> M 3 be an immersed surface. Let V denote the Levi-Civita 
connection on M 3 and let V denote the Levi-Civita connection on E for the 
induced metric. 

Generally speaking, objects defined on M 3 will be denoted by the same 
symbols as the corresponding objects defined on £ plus a bar over the symbol. 

The Riemannian metric extends to natural inner products on space of 
tensors and the above connections induce natural covariant derivatives on 
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tensor fields. For example, for {ei,e 2 } a geodesic frame in p 6 E 2 and a 
tensor if) on £ 2 , we have 

2 

v 2 ^) = ]T(v ei v e ^)(p). 

i=l 

For more details about covariant derivatives on tensor fields see [S], sections 
1 and 2. 

We adopt the following convention for curvature tensor: if x,y, z G T p Ti, 
we define R XyV z by 

= R(X, Y)Z(p) = (V X V Y Z - VyV X Z - V [X ,Y]Z)(p), 

for any local vector fields which extend the given vectors x, y, z. 

The second fundamental form is defined by a(X, Y) = (Vx^) 1 and the 
Weingarten operator associated is given by Av = — (V 1) A r ) T , where TV is 
an unit normal field on S 2 . We use the Weingarten operator to define the 
operators 

2 

< R(A)x,y >:= < Ax,R eiiy ei > - < Ay,R e ^ x e { > 

i=l 

+ < Ay, x>< N,R eitN ei > -2 < Ae^R^y >) (2) 

and 

2 

< R'x, y >:= J2i< (VxR)e t ,yei, N> + < (x7 e ~R) ei , x y, N >}, 

where {ei,e 2 } is a orthonormal basis of T p S. 

With this notation we have the following results: 

Theorem 2.1. Let S 2 S->- M 3 be an immersed surface with constant mean 
curvature H . For any x, y G T p S we have 

< (V 2 A)x, y >= -\A\ 2 < Ax,y > + < R(A)x, y > 

+ < R'x, y > +2H < R N)X y, N > +2H < Ax, Ay > . (3) 
Proof. See Theorem 2 in [B] assumed that co-dimensional is 1. 
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We will use the Omori-Yau Maximum Principle. The proof this result 
can be found in [Y], Theorem 1. 

Theorem 2.2 (Omori-Yau Maximum Principle). Let M be a complete Rie- 
mannian manifold with Ricci curvature bounded from below. If u E C°°(M) 
is bounded from above, then there exist a sequence of points {pj} E M such 
that 

lim u(pj) = supw, ||V«||(pj) < -, and Au(pj) < -. 

m J J 



Let us recall the Gauss' equation to E 2 in M 2 (c) x R: 

R(Y,X)Z =< AX,Z > AY- < AY, Z > AX + c(< X,Z >Y- <Y,Z > X 

- <Y,T >< X,Z >T- < X,T >< Z,T >Y 

+ < X,T ><Y,Z >T+ <Y,T >< Z,T > X), (4) 

where X, Y, Z in T p £, iV is a unitary normal field on E 2 and T is the tan- 
gential component of the parallel field d t . For more details see [D]. 

3 Simons' equation in M 2 (c) x R 

In this section we will obtain an equation of Simons type for the traceless 
second fundamental form and for S defined in (pQ). 

Let M 2 (c) x M, where M 2 (-l) = H 2 and M 2 (l) = § 2 . In this case we 
have that R =0, because M 2 (c) x E is locally symmetric. 

In Lemmas 13.11 and 13.21 we will consider an immersed surface S 2 R-» 
M 2 (c) x K with constant mean curvature H where A is the Weingarten 
operator associated to the second fundamental form on E 2 . 

Lemma 3.1. Denoting the identity by I, we have that 

R(A) = c(5z/ 2 - I) A - AcHv 2 I. 

Proof. Consider a geodesic frame {ei, e 2 } in p E E 2 and T — d t — i/N, 
where v =< N, d t >. For x,y E T P E 2 , we compute 

< Ax, R e ^yti >= — c(< y, Ax > — < y, >< Ax, e; > 

- < y, T >< Ax, T > - < e,i, T > 2 < y, Ax > 
+ < e.j,T >< Ax,T >< d,y > + < y,T >< e^T >< e t ,Ax >). 
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Therefore 

2 



^ < Ax, R ei , y ei >= -c(2 < y, Ax > - ^ < y, a >< Ax, e, > 

i=l i=l 

2 

-2 < y, T >< Ax, T > - < e», T > 2 < y, Ax > 

i=i 

2 2 

+ < Ax,T > ^2 < 6i,T >< e { ,y > + < y,T > ^2 < ei,T >< e. h Ax >), 

i=l t=l 

i.e, 

2 

< Ax, -R ei , y ei >= — c(2 < Ax > - < Ax, y > -2 < y,T >< Ax, T > 

i=i 

-\T\ 2 < y,Ax > + < Ax,T ><T,y > + < y,T >< Ax,T >) 
= -c(< Ax,y > -|T| 2 < Ax,?/ >) = -c(l - |T| 2 ) < Ax,y > . 
Thus, 

2 

< Ax, R e%) y^i >= —cp 2 < Ax, y > . 

i=l 

Now 

< i^e*, N >= -c{< e*, e* >< N* , N* > — < e*, N* > 2 }, (5) 

where v* = v— < v, d t > d t for any v G T p (M 2 (c) x R). 
We compute 

< e*, e* >=< e— < e i} d t > d t , e~ < e,, d t > d t > 
=< e h ei > -2 < a, d t >< ei,d t > + < e;, 5* > 2 

= l-<e l; ^> 2 , (6) 
< AT*, at* >=< n - N-ud t > 
=<N,N > -2v <N,d t > +v 2 < d t , d t > 

= \-v 2 , (7) 
< N*, e* >=< N-ud t , e- < e h d t > d t > 
< N, a > - < e h d t >< N, d t > -v < d t , d > +v < e h d t >< d t , d t > 
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= u< ei ,d t >. (8) 
Taking ©, © and © into © obtain 

< R £l , N e t , N >= -c{(l- < e h d t > 2 )(1 - v 2 ) - v 2 < e t , d t > 2 } 

= -c{l- < ei, ft > 2 -z/ 2 + < ei, ft > 2 f 2 - < (*, ft > 2 v 2 } 
= -c{\-v 2 - <e h d t > 2 }. 

Therefore, 

2 2 

^ < R ei , N ei, N >= -c{2 -2v 2 -J2< ft > 2 } 

ii ii 

= -c(2 - 2z/ 2 - |T| 2 ) = -c(2 - 2z/ 2 - 1 + i/ 2 ) = -c(l - z/ 2 ). 
Next, we observe that 

< Aei, R ei , x y >= ~c{< ei,y >< Ax,ei > - < y,x >< Ae i5 e, > 

— < x, T >< Aei, T >< ei,y > — < e { ,T >< y,T >< e^, Ax > 
+ < e i: T >< Ae { ,T >< x,y > + < y,T >< x,T >< e i; Aei >}, 

i.e, 

2 2 2 

Aei, Rei,xV >= ~ c (%2 <e i ,y><Ax,e i >-<y,x>^2<Ae i ,e i > 

i=l i=l i=l 

2 2 

— < x, T > < Aei, T >< e i: y > — < y,T > < e i; T >< ei, Ax > 

i=l i=l 
2 2 

+ < x,y > ^2 < ei,T >< Ae, h T > + < y,T >< x, T > ^ < e i: Aei >}• 

i=l i=l 

Therefore, 

2 

< Aej, -R eijX y >= -c{< Ax, y > -2H < x, y > - < Ay, T >< x,T > 

8=1 

- < Ax, T >< y, T > + < AT, T >< x, y > +2H < x,T >< y,T >}. 
Using expression (J2J) we have that 

< R(A)x, y >= cv 2 < Ax, y > +cv 2 < x, Ay > - < Ax, y > c(l-u 2 )+2c{< Ax, 
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-2H < x,y > — < Ay, T >< x,T > — < Ax, T >< y,T > + < AT, T >< x,y > 

+2H <x,T>< y,T >}, 

i.e, 

< R(A)x, y >= 3cz/ 2 < Ax, y > +c < Ax, y > -2c < x, T >< Ay, T > 

-2c < Ax, T >< y, T > +2c < AT, T >< x,y > -4cH < x,y > 

+ 4cH < x,T >< y,T > . (9) 

If T = at all points, then we have a slice M 2 (c) x {to}- Assume that T ^ 
and choose an oriented positive orthogonal frame {T,E}, where T is non 
zero. Then evaluating ([9]) in the frame {T, E} we obtain 

< R(A)T,T>= 3cu 2 <AT,T> +c<AT,T> -2c < AT,T > \T\ 2 -AcH\T\ 2 (l-\T\ 2 ) 

= 3cv 2 < AT,T > +c < AT, T > -2c < AT, T > (1 - u 2 ) - 4cH\T\ 2 u 2 
= hcv 2 < AT, T > — c < AT, T > -AcHv 2 <T,T >, 

< R~(A)T, E >= 3cu 2 < AT, E > +c < AT, E > -2c < AT, E > 
= 5cu 2 < AT, T > —c < AT, T >=< R(A)E, T >, 

and 

< R(A)E, E >= 3c// 2 < AE,E > +c< AE, E > +2c < AT, T > \E\ 2 -AcH\E\ 2 

= 3cv 2 < AE,E > +c< AE, E > +2c(2H\E\ 2 - < AE, E >)\E\ 2 — AcH\E\ 2 
= 3cv 2 < AE,E > +c< AE, E > -AcH\E\ 2 (l - \E\ 2 ) -2c < AE, E > \E\ 2 
= 3cv 2 < AE, E> +c < AE, E > -2c < AE, E > (l-u 2 )-4cHu 2 < E,E> 
= hcv 2 < AE, E> -c< AE, E > -AcHu 2 < E,E > . 



It follows that 

R(A) = c(5z/ 2 - I) A - AcHu 2 I, 

where T is non zero. Using continuity it can be extended to points where 
T = 0. 

■ 

Lemma 3.2. < R NjX y, N >= -c{< x, T >< y,T > - < x,y >< T,T >}. 
Proof. We observe that 

< x*,y* >=< x, y > — < x,T >< y,T >, 
< x*,N* >= v < x,T > 

and 

< TV*, TV* >= 1 -u 2 , 

where we have used v* = v— < v, d t > d t for any v G T p (M 2 (c) x R). 
It follows that 

< R N , x y, N >= -c{< N*, x* >< N*, y* > - < N*, N* >< x*, y* >} 

= -c{{v < x,T>)(u < y,T >) - (< x,y > - < x,T >< y,T >) < T,T >} 
= -c{u 2 < x,T ><y,T > - < x,y ><T,T > + < x,T ><y,T > 
-v 2 < x,T >< y,T >} = -c{< x,T >< y,T > - < x,y >< T,T >}. 
This concludes the proof. 

■ 

Corollary 3.1. Let S 2 S-> M 2 (c) x M be an immersed surface with constant 
mean curvature H where A is the Weingarten operator associated to the sec- 
ond fundamental form on S 2 . Then, 

< (V 2 A)x, y >= - \A\ 2 < Ax, y > +c(5z/ 2 - 1) < Ax, y > -AcHv 2 < x,y > 
-2cH{< x,T >< y,T > — < x,y >< T,T >} + IE < Ax, Ay > . 
Proof. Consider equation (J3j) 

< (V 2 A)x, y >= -\A\ 2 < Ax,y > + < R(A)x, y > 

+ < R!x, y > +2H < R~ N ,xy, N > +2H < Ax, Ay > . 
9 



Now, we use Lemmas 13.11 and [3721 to obtain 

< iy 2 A)x, y >= -\A\ 2 < Ax, y > +c(5u 2 - 1) < Ax, y > -AcHv 2 < x,y > 

-2Hc{< x,T >< y,T > — < x,y >< T,T >} + 2H < Ax, Ay > . 
This concludes the proof. 



Consider two tensors S, W on £ 2 . We define the inner product < S, W > 
in p G £ 2 as 



< S,W >=J2< Sei,Wei >, 



i=l 



where {ei,e2} is an orthonormal basis for T p S. 

Lemma 3.3. Let X 2 S-> M 2 (c) x M. be an immersed surface with constant 
mean curvature where A is the Weingarten operator associated to the second 
fundamental form on £ 2 . Then, 

(a) <V 2 A,I>=0. 

(b) < V 2 A,A >= -\A\ 4 + c(5z/ 2 - 1)\A\ 2 - 8ci?V - 2cH < AT,T > 
+AcH 2 \T\ 2 + 2Htr(A 3 ). 

Proof. Consider {ei, e-i\ an orthonormal basis of T P S. We use the defi- 
nition of the inner product between tensors and the expression in Corollary 
13. II to obtain 

2 2 

< V 2 A, A>=^< (V 2 A)ei, Aa >= -\A\ 2 ^ < Ae h A d > + 

2=1 1=1 

2 2 2 

c(5z/ 2 -l) ^ < Ae ii Ae i > ~4cHv 2 ^ < Aei,ei > -2cH{^ < AT > e { >< e { ,T > 

i=l i=l i=l 

2 2 

- < T, T > < Ae h ei>} + 2H^2< A 2 a, Ad > . 

1=1 8=1 

Therefore, 

< V 2 A,A >= -\A\ 4 +c(5u 2 -l)\A\ 2 -ScH 2 u 2 -2cH < AT, T > +AcH 2 \T\ 2 +2Htr(A 3 ) 
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Using the definition of the inner product and Corollary 13.11 we obtain 

2 2 

< V 2 A, I >= < (V 2 A)ei, e { >= -\A\ 2 ^ < Ae ^ e i> + 

i=X i=l 
2 2 

c{5is 2 - 1) 53 < Ae h d > -8cEv 2 - 2cH{^ <T,e t >< e h T > 

i=l i=l 

2 

-2 < T, T >} + 2H ^ < e i > ■ 

i=l 

Therefore, 

< V 2 A, I >= -2H\A\ 2 + c(5^ 2 - 1)2H - 8cHv 2 + 2c# < T, T > +2H \ A\ 2 

= -2H\A\ 2 + c(5^ 2 - 1)2H - 8cHv 2 + 2cH{\ - v 2 ) + 2H\A\ 2 
= lOcHu 2 - 2cH - 8cH v 2 + 2c// - 2cEv 2 = 0, 
where we have used that v 2 + \T\ 2 = 1. 

■ 

Proposition 3.1. Ze£ £ S-> M 2 (c) xM k an immersed surface with constant 
mean curvature H and (J) the traceless second fundamental form, then 

(a) |</f = \A\ 2 -2H 2 . 

(fe) = VA 

(c) trA 3 = 3H\cf)\ 2 + 2H 3 . 

Proof. The proof of the item (a) is: 

|0| 2 =< 0, >=< A-i/J, A-HI >=< A,A> -2H <A,I> +H 2 <I,I> 

= \A\ 2 - AH 2 + 2H 2 = \A\ 2 - 2H 2 , 
where < A, I >= 2H and < 1,1 >= 2. 

To prove the item (b) we consider tangent fields X, Y. Then, 

(Vx^Y = (V X A)Y - (V X (HI))Y = (V X A)Y - V X HI(Y) + HV X Y 
= {V X A)Y - HV X Y - X(H)Y + HV X Y = (V X A)Y, 
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because H is constant. 

Next, the proof to the item(c) is: 

2 2 

tr(A 3 ) = J2< A * e ^ e i >= < (0 + HI f e ^ e i > 

i=l i=l 

2 

= ^ < (0 3 + 3#c/> 2 + 3H 2 <f) + tf 3 /)^, ei >= 3H\<j)\ 2 + 2# 3 , 
j=i 

because trcj> = tr<f> 3 = 0. 

■ 

Corollary 3.2. Lei £ S-> M 2 (c) x E be an immersed surface with constant 
mean curvature H and the traceless second fundamental form. Then 

< V 2 0,0 >= -|0| 4 + (2H 2 + 5cv 2 -c)\(j)\ 2 - 2cH < 0T,T > . 

Proof. We use the Proposition 13.11 and obtain 

< y 2 0, </> >=< V 2 A, A- HI >=< V 2 A, A>-H < V 2 A, I > . 
Now, we use the Lemma 13.31 and obtain 

< y 2 0, (p >= -\A\ 4 + c(5v 2 - 1)\A\ 2 - 8cH 2 v 2 + 2cH < AT, T > 

+AcH 2 \T\ 2 + 2Htr(A 3 ). 

Therefore 

< V 2 0, <P >= -(|0| 2 + 2H 2 ) 2 + c(5// 2 - 1)(|0| 2 + 2H 2 ) - 8cH 2 v 2 

-2cH < + HI)T, T > +AcH 2 \T\ 2 + 2H(3H\(j)\ 2 + 2H 3 ), 
which brings us to 

< V 2 0,0 >= -\(P\ i -AH 2 \(j)\ 2 -4H i + c(5u 2 -l)\(j)\ 2 + 2c(5u 2 -l)H 2 -8cH 2 u 2 
-2cH < <j)T, T > -2cH 2 \T\ 2 + AcH 2 \T\ 2 + QH 2 \(f)\ 2 + AH 4 . 

Hence, 

< V 2 0, 4> >= -H 4 + 2H 2 \(f)\ 2 + c(5z/ 2 - 1)|0| 2 - 2cH < <f>T, T > . 

■ 
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Now we shall obtain an equation of Simons' type for the traceless second 
fundamental form (j): 

Theorem 3.1. Let T? <H M 2 (c) xRbe an immersed surface with constant 
mean curvature H and <fi is traceless second fundamental form. Then 

-A|0| 2 = | V0| 2 - |0| 4 + (2H 2 + 5c// 2 - c)|0| 2 - 2cH < <pT, T > . 
2 

Proof. We use that ^A\(f)\ 2 = |V0| 2 + < V 2 0, <p > and Corollary O 

■ 

Now we evaluate the Laplacian of \S\ 2 where 

S = 2HA - c < T, ■ > T+ |(1 - v 2 )I - 2H 2 I. (10) 

Theorem 3.2. Let S 2 S-> M 2 (c) x 1 k on immersed surface with constant 
mean curvature and S defined in (1751) . TTien 

(VxS)Y = (V Y S)X, 

for all tangent fields X, Y onT? . 

Proof. We consider (u, v) an isothermal parameter to a surface E 2 . Now, 
we consider the complex parametric to riemannian metric, z = u + iv. Let 
us set 

T S (X,Y) := (V X S)Y - (V Y S)X = V X (SY) - V Y (SX) - S[X,Y}. 
We will prove that Ts is null. For this, consider 

d z = ^(d u - id v ) and c\ = ^(d u + id v ). 

Compute, 

< T s (d z , c\),d z >= d z <Sc\,d z >-< Sdz, V dz d z > 
-d z <Sd z ,d z > + <Sd z ,V 9 ,d z > 

= -qr ] = o, 

because Q^ 2 ' ^ is holomorphic and we used that Vd z (h = 0, Wo z d z = ~^~d z , 
< Sd z , d z >= Q( 2 ' 0) and < Sd z , d, >= 0, where \=<d z ,d z >. 
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Next, we compute 

< T s (d z , dg), d- z >= % < Sd z > - < Sd z , > 
-d z <Sd s ,d s > + <Sd s ,V a „d g > 



g? ' 0) = o, 



where we use that Va-dg = and Q( 2 <°) 2 = Q {2 ' 0) . It follows that T s = 0. 

A 



Lemma 3.4. Let S be a symmetric operator satisfying Codazzi's equation 
and tr(S) = 0, then 

2 

< (V 2 S)x, y >= ^{- < Sy, R euX ei > - < Se u R ei:X y >}, (11) 

i=l 

where {ei,e2} is an orthonormal basis of T^L. 

Proof. Let us consider a geodesic frame {Ei, E 2 } in p G S 2 which extend 
the basis {ei, e^} and X, Y local vector parallel fields which extend the given 
vectors x, y. Compute 

2 2 

(V 2 S)X = J2(V El V El S)X = Y,V e MVe,S)X) 

1=1 1=1 

2 2 2 2 



J2VeA(VxS)E 1 = Y,(V El VxS)E t = J2(^x^E i S)E i +J2(R(E i ,X)S)E i 

i=l i=l i=l i=l 

2 2 

Vx((V Bi 5')^) + X)^ 



i=l i=l 
\i=l / i=l 

where we have used that S 1 satisfying Codazzi's equation. 
Then, 

< (V 2 S)x, y >=< Vx ( ^(V^S) W) ,Y>+J2< (R(Ei, X)S)E h Y > 

\i=l J i=l 
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= xlj2< (Ve^Eu Y>)+^2< {R{Ei, X)S)E h Y > 

\i=l J i=l 

2 

= X(tr(V Y S)) + Y,< ( R ( E i> X ) S ) E ^ Y > 

i=l 

2 

= XY(tr(S)) + J2(< (R{Ei,X){SEi),Y> - < S(R(E i ,X)E i ),Y >). 

i=X 

By using that trS = 0, and computing the above at the point p, we obtain 

2 

< (V s )x,y> = < {R{e h x)y,Se i > - < R{ei,x)ei,Sy >). 



Let us evaluate each summand in the expression (ITT 



Lemma 3.5. Lei 5 6e an operator as in Lemma \3^\ Then, 

2 



i=l 



< Sy, R et , x ei >= -cv 2 < Sx,y > -2H < Ax, Sy > + < A 2 x, Sy > . 

i 

and 

y~] < Sei,R eijX y >= -cv 2 < Sx,y > - < Ay,SAx > + < Ax,y > tr(AS). 



2 

ii) 
i=i 



Proof. Consider {ex, an orthonormal basis of T P S. Using the Gauss' 
equation (111) we have 

< Sy, R eiiX ei >= -c{< x, Sy > - < x, e; >< Sy, > - < x, T >< Sy, T > 

— < e,i, T > 2 < x, Sy > + < e,i, T >< x,3i >< Sy, T > 
+ < x, T >< ei,T >< e»j Sy >}— < Ae^, e, >< Ax, Sy > 
+ < Ax, e, >< Aei, Sy > . 

Therefore, 

2 2 
^ < Sy, Reuxdi >= -c{2 < x, Sy > - ^ < x, e { >< Sy, e, > 

i=l i=l 



15 



-2 < x,T >< Sy,T > - < x,Sy >^< e u T > 2 

i=i 

2 2 

+ < Sy, T > < Ci, T >< x, Ci > + < x, T > < e,i, T >< e$, Sy >} 

i=l i=l 
2 2 

— < Ax, Sy > < Aei, > + < Ax, ti >< Aei, Sy >, 
i=i t=i 

which implies that 

2 

< Sy, R eiiX ei >= — c{2 < x, Sy > — < Sx, y > — 2 < x, T >< Sy, T > 

i=l 

- < x, Sy > \T\ 2 + < Sy,T >< x,T > + < x,T >< T, Sy >} 

- < Ax, Sy > 2H+ < Ax, ASy > . 

Hence, 

2 

^2 < S V> Re r ,xZi >= -c(l-|T| 2 ) < Sx,y> -2H < Ax,Sy > + < A 2 x, Sy >, 

i=l 

which shows the validity of (i). Now, 

< Se h R Cl , x y >= -c{< e u y >< Se h x > - < x, y >< Se h > 

— < x, T >< Sei, T >< ei, y > — < e i} T >< y,T >< x, Sei > 
+ < e.j, T >< x, y >< Sei, T > + < x,T >< y,T >< ei, Sei >} 

— < Aei, y >< Ax, Sei > + < Ax, y >< Aei, Sei > ■ 

Therefore 

2 2 2 

^ < Set, Re t , x y >= ~ c (^2 < e i-,V >< Se,i,x > - < x,y < Se h ei > 

i=l i=l i=l 

2 2 

— < x, T > < Sei, T >< ei,y > — < y,T > < e i7 T >< x, Sei > 
i=i i=i 

2 2 

+ < x, y > < ei, T >< Sei, T > + < x,T >< y,T > < ej, Sei >} 



i=l i=l 
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— < Ae i} y >< Ax, Sei > + < Ax, y > < Aei, Sei > . 
i=i i=i 

Therefore 

2 

< Sej, R ei ,xU >= — c {< S^, y > — < x,T >< Sy, T > — < y,T >< Sx, T > 

i=X 

+ < ST,T >< x, y >}- < Ay, SAx > + < Ax,y > tr(AS), 

where we used that trS = 0. 
Using the fact that 

- < x, T >< Sy, T > - < y, T >< Sx, T > + < ST, T >< x, y > 

= -(1 -v 2 ) < Sx,y>, 

we find that 

2 

< Sei, Re u xV >= —cp 2 < Sx, y > — < Ay, SAx > + < Ax, y > tr(AS), 

i=l 

which shows (ii). 

■ 

Corollary 3.3. Let S 2 9-» M 2 (c) x R be an immersed surface with con- 
stant mean curvature H and S the operator satisfying Codazzi's equation 
with trS = 0. Then, 

< (V 2 S)x, y >= 2cu 2 < Sx,y > +2H < Ax,Sy > - < A 2 x, Sy > 

+ < Ay, SAx > - < Ax,y > tr(AS). 

Proof. We use the expressions of Lemma 13.51 in the equation (TTTT) ob- 
tained in Lemma T3.41 



Next we obtain an equation of Simons' type for the operator S as defined 
in ([TOP. 



Theorem 3.3 (Theorem 1.2 in Introduction). Let S 2 °r> M 2 (c) x R be an 
immersed surface with non zero constant mean curvature H and S as defined 
in flED. Then, 

iA|S| 2 = \WS\ 2 -\Sn\S\ 2 ^f- C - + 2H 2 -^< ST, T > 
+c\ST\ 2 - -L < S T,T > 2 . 
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Proof. We know that ^A\S\ 2 = \VS\ 2 + < V 2 S,S >. Furthermore, 
using Corollary 13.31 we obtain 

< W 2 S, S >= 2cv 2 \S\ 2 + 2Htr{AS 2 ) - [tr(AS)} 2 . 

Now, we need to compute tr(AS 2 ) and tr(AS). 
We have 

tr(AS 2 ) = tr{S 2 (S + ^< T ^>T-^(1- v 2 )I + HI)} 



and 



= trS 3 + ^tr(< T, S 2 - > T) - (^(1 - v 2 ) - h) trS 2 
= + ^\ST\ 2 - (^(1 - v 2 ) - H) \S\ 2 

tr(AS) = tr{S(S + JL < T, ■ > T - ^(1 - v 2 )I - HI)} 

= trS 2 + ^tr(< T, S->T)- ( - ^ 2 ) - #)trS 

= |S| 2 + ^<ST,T>-0, 
where we used that trS = trS 3 = 0, that 

2 

tr(< T, 5- > T) = < T, Sei ><T, ei >=< ST, T > 
i=i 

and that 



tr{< T, S 2 - >T) =J2< T > >< T > e i >=< s2t i T > ■ 

i=l 

Therefore, 

^A|S| 2 = \VS\ 2 + 2cv 2 \S\ 2 + 2H (^\ST\ 2 - (^(1 - v 2 ) - H) \S\ 2 ) 

-(\S\ 2 + ^<ST,T>y, 



so that, 



^A\S\ 2 = \VS\ 2 + 2cp 2 \S\ 2 + c|ST| 2 - (|(1 - z/ 2 ) - 2# 2 ) |Sf 
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-\S\ 4 - < ST,T > \S\ 2 - — — < ST,T > 2 . 
H AH 2 

Rearranging terms, we obtain finally 
U\S\ 2 = |VS| 2 -\S\ 4 +\S\ 2 (^f- C - + 2H*-^< ST, T > 

+c\ST\ 2 - JL < S T,T > 2 . 



4 Applications 

In this section, we will apply the results in section 3 together with the 
Omori-Yau's Theorem and classify some surfaces in M 2 (c) x R. 

Theorem 4.1. Let S 2 S-> H 2 x R 6e an oriented complete non-compact im- 
mersed minimal surface. Assume that 

sup(|A| 2 + 5^ 2 ) < 1. 
s 

Then S 2 is a vertical plane 7 x R /or some geodesic 7 m H 2 . 
Proof. Using Theorem 13. II with H = and c = —1, so 

^A|A| 2 = |VA| 2 - |A| 4 + (1 - 5^ 2 )|A| 2 > |A| 2 (-|A| 2 + 1 - 5z/ 2 ) . 

Let - := - sup s (|A| 2 + 5u 2 ) + 1 > 0. Therefore, 

A\A\ 2 >d-\A\ 2 . (12) 
Using Gauss' equation (111) in H 2 x R we have 

K^ = K ext -v = + — >--. 

Now we can use Theorem 12.21 with u = \A\ 2 , i.e, there exist {pj} in E 2 such 
that 

lim \A\ 2 ( Pj ) = sup \A\ 2 and lim A|A| 2 (j9j) < 0. 

Therefore we use inequality (|T2|) to conclude that sup s |A| 2 = 0, i.e, S 2 is 
totally geodesic with \u\ < \/02. 
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Since E 2 is totally geodesic and \u\ < ^/oTl it cannot be a slice, it must 
be a vertical plane 7 x R for some geodesic 7 in H 2 . 



Theorem 4.2. Let E 2 i 2 x R k a complete immersed surface with con- 
stant mean curvature H. Assume that 

sup(|0| 2 + 5is 2 ) <2H 2 + 1 and < <pT, T >> 0. 
s 

Then E 2 is a vertical plane 7 x R /or .some geodesic 7 m H 2 . 

Proof. We consider the expression in Theorem 13.11 with c = — 1: 

^A|0| 2 = I V0| 2 - |0| 4 + (2H 2 + 1 - 5v 2 )\<p\ 2 + 2H<<j)T,T> . 

As < <fiT, T >> 0, we have 

iA|0| 2 >-|0| 4 + (2// 2 + l-5/, 2 )|0| 2 . 

Consider ^ := 2H 2 + 1 - sup E (|c/)| 2 + 5z/ 2 ) > 0. Then 

A|0| 2 > 2|0| 2 (2# 2 + 1 - 5v 2 - |0| 2 ) > d\(f>\ 2 , 

which implies, 

A\<p\ 2 >d\<p\ 2 . (13) 
Using Gauss' equation Jl| in i 2 x 1 we have 



Kt, Kext v 2 + 2 > 

Now we can use Theorem 12.21 with u = |0| 2 , i.e, there exist {pj} in E 2 such 
that 

lim \4>\ 2 (pj) = sup |0| 2 and lim A|</>| 2 (p,,) < 0. 

Furthermore, we use inequality (1T3]) to conclude that sup s |0| 2 = 0, i.e, E 2 
is totally umbilical. Next, we use the results obtained in [ST] in section 4 to 
conclude that E 2 is totally geodesic, where we have used that if E 2 is totally 
umbilical with constant mean curvature in H 2 x R then E 2 is totally geodesic. 



I 2 + hv 2 - 2H 2 3u 2 1 
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Since £ 2 is totally geodesic and \u\ < \^02 it must be a vertical plane 
7 x R for some geodesic 7 in H 2 . This concludes the proof. 



We need the following result: 

Lemma 4.1. Let S 2 S-> M 2 (c) x R 6e a complete immersed surface with 
non zero constant mean curvature H. Then \S\ = if and only ifH 2 is an 
Abresch-Rosenberg surface. 

Proof. We consider (u, v) an isothermal parameter to a surface E 2 . Now, 
we consider the complex parameter to riemannian metric, z = u + iv and 
(2,0)-part of the Abresch-Rosenberg differential 

Q(u, v) = 2H < Au, v > -c < u,T >< v,T > . 
We can rewrite Q as 

Q(u,v) =< Su,v > - is 2 ) < u,v > +2H 2 < u, v > . 

Next we evaluate Q(d z ,d z ) and use that < d z ,d z >= 0: 

Q(d z , d z ) =< Sd z , d z >= ( < —rA ~ 4, 



4 J 2 

where e =< Sd u , d u >= — < Sd v , d v >= —g and / =< Sd u , d v >. Therefore 



B"l-i/('^) + H?4-5> 



This concludes the proof. 



1 f AH 2 — l\ 

Let us consider the polynomial pn(t) = —t 2 — —t + I j . When 

H is greater than one half then there is a positive root for pjj- Let L H be 
the positive root. One has: 

Theorem 4.3 (Theorem 1.3 in Introduction). Let S 2 R-> S 2 xR be a complete 
immersed surface with constant mean curvature H greater than one half. 
Assume that 

sup \S\ < Ljj. 
s 

Then S 2 = Sfj, i.e, S 2 is a Hsiang-Pedrosa sphere. 
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Proof. Consider the expression in Theorem 13.31 with c = 1: 

-A\S\ 2 = \VS\ 2 -\S\ 4 + \S\ 2 (— - - + 2H 2 - ^ < ST, T > 
2 \ 2 2 H 

+ \ST\ 2 - < S T,T > 2 . 
As | < ST,T > | < \ST\ < \S\, we have 

1a|s| 2 > -\s\* + \s\ 2 ^fl - + (^l^r 1 ) < 5T,T > 2 , 

hence, 

^A|S| 2 > |S| 2 - - |S| 2 ) + V|S| 2 , (14) 

because H > —. 
Observe that 

~\\ S \- ^ Vu{su V ^\S\) =: d - > 
and v 2 \S\ 2 > 0. Therefore 

A\S\ 2 >d\S\ 2 . (15) 

Now we estimate \S\. 

\S\ > 2H\A\ - | < T, • > T\ - (1 - v 2 ) - AH 2 > 2H\A\ - 2(1 - v 2 ) - AH 2 , 
that is, 

L H > \S\ > 2H\A\ - 2 -AH 2 . 
Using Gauss' equation ||) in § 2 x f we have 

o \A\ 2 9 9 1 / L H + 2 + AH 2 \ 2 
= K ext + u 2 = - V- + 2H 2 + v 2 > 



2 V 2H 

Now we can use Theorem 12.21 with u = \S\ 2 , i.e, there exists a {pj} in S 2 
such that 

lim \S\ 2 ( Pl ) = sup \S\ 2 and lim A\S\ 2 ( Pj ) < 0. 

j-*oo E j^oo 

We then use inequality f|T5|) to conclude that sup s IS") 2 = 0, i.e, \S\ = in 
S 2 . Using Lemma Hj] we conclude the proof. 
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Theorem 4.4. There exists no £ 2 S-> S 2 x IR complete immersed surface with 
constant mean curvature greater than one half such that \S\ = L^. 

Proof. Suppose that there exist S 2 § 2 x IR satisfying condition of the 
theorem. Using the expression ([T] 



iA|Sp>|S| 2 (i^-i|S|-|SP 



with 1 51 = L m we have: 



5 
-i 
2 



> + ~-v 2 L 2 n > 0. 



Hence v — 0, i.e, X 2 S-» S 2 x IR is a cylinder 7 x 1 for some 7 G S 2 with 
constant curvature 2H. 

On the other hand, for the cylinder 7 x IR, where 7 G § 2 with constant 
curvature 2H, we have that 



5 



( 2H 2 + - 
2 



V 







-2H 2 



\ 



2 J 



As 151 



V2 



(AH 2 + 1) > Lh we have a contradiction. 



Theorem 4.5. Let S 2 S-> S 2 x IR 6e a closed immersed surface with constant 
mean curvature H greater than one half. Assume that 

|5| < L H . 

Then S 2 = Sjj, i.e, S 2 is a Hsiang-Pedrosa sphere. 
Proof. Let us consider the expression (fl4|) 



y\sf 



-A\S\ 2 > \S\ 2 ( 1 - -|5| - |5| : 
2 V 2 i/ 1 1 1 1 



Af-[2 1 1 

As |5| < L H , we have — 15| - |5| 2 > 0. Hence, 

2 ii 

iA|5| 2 >^ 2 |5| 2 . 
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Integrating and using Stokes' Theorem we have 




It follows that \S\ ■ v = 0. If v — then we have a cylinder, but this is 
not possible because S 2 is closed. Therefore \S\ = 0. Using Lemma |4~T1 we 
conclude the proof. 



• , , , ■ , / n 9 1 f8H A -12H 2 -l\ 

Let us consider the polynomial qH\t) = —t — 77^+ TTFo • 

H \ AH 2 J 

When H is greater than a positive root of the polynomial r(x) = 8x A — 12x 2 — 

1, i.e, H greater than \ — — , then there is a positive root for qu- Let 

V 16 
M H be the positive root. 

Theorem 4.6 (Theorem 1.4 in Introduction). Let £ 2 ^ H 2 x R be a 

complete immersed surface with constant mean curvature H greater than 
12 + VT76 

« 1.25664. Assume that 

16 

sup \S\ < M H . 

E 

Then S 2 is an Abresch-Rosenberg surface. 

Proof. Consider the expression in Theorem 13.31 with c = — 1 

~A|S| 2 = \S7S\ 2 - \S\ 4 + \S\ 2 (-^ + \ + 2H 2 + i < ST, T > 
2 \ 2 2 ti 

-\ST\ 2 - ^ < ST,T > 2 . 
As | < ST,T > | < \ST\ < \S\, we have 

Iaisi 2 >-\sn \s\ 2 ( 4g2+ 2 1 ~ 5zy2 - - (^±1) |S| 2 



i.e, 



1 Aic|2^|c.|2^ 4^ 2 -4 + 5-5^ 2 1 4# 2 + l 2 
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This may be rewritten as, 

> \S\ 2 ( 8g4 ~Hf " 1 ~]j\S\- \S\ 2 ) + ~(1 - , 2 )|^| 2 . (16) 



Observe that 

^"Jf" 1 - - W > te(«*E|S|) -5 > 

and (1 - v 2 )\S\ 2 > 0. Therefore, 

A\S\ 2 >d\S\ 2 . (17) 

Next we estimate \S\. 

\S\ > 2H\A\ - | < T, • > T\ - (1 - v 2 ) - 4# 2 > 2#|,4| - 2(1 - ^ 2 ) - AH 2 , 
i.e, 

M H > |5| > 2H\A\ - 2 -4# 2 . 
Using Gauss' equation j|) in i 2 x f we have 

, \A\ 2 9 „ 1 / M H + 2 + AH 2 ^ 2 
= K ext -v 2 = -L±- + 2H 2 -v 2 >-- [ 



2 ~ 2 \ 2H 

Now we can use Theorem 12.21 with u = \S\ 2 , i.e, there exists a {pj} in £ 2 
such that 

lim \S\ 2 ( Pj ) = sup \S\ 2 and lim A\S\ 2 ( Pj ) < 0. 

We use inequality ( TT7l) to conclude that sup s IS") 2 = 0, i.e, \S\ = in X 2 . 
Then using Lemma I47T1 we conclude the proof. 



Theorem 4.7. There exists no S 2 S-> H 2 x K a complete immersed surface 

with constant mean curvature greater than \ — — ~ 1.25664 such that 

V 16 

\S\=M H . 
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Proof. Suppose that there exists S 2 i 2 x M satisfying condition of 
the theorem. Using the expression (JT6j) 

^\s\ 2 > \s\ 2 { ^ HA 'HT~ l -^\s\- \s\ 2 ) + l(i - » 2 )\s\ 2 

with l^l = Mh we have: 

5 

> + -(1 - v 2 )M 2 H > 0. 

Hence v 2 = 1, i.e, S 2 ^ i 2 x 1 is a slice H 2 x {t }. But H 2 x {t } has zero 
mean curvature, and this is impossible because H is positive. 



Theorem 4.8. Let S 2 ^ H 2 x R 5e a closed immersed surface with constant 

mean curvature H greater than \ — — ~ 1.25664 . Assume that 

V 16 

\S\<M H . 

Then S 2 = Sfj, i.e, S 2 is a Hsiang-Pedrosa sphere. 
Proof. Let us consider the expression (TT6T) 



\m 2 > \s\ 2 ( 8i/4 /jf 1 -±\s\- \s\^ + \{i - , 2 )isi 2 . 

As 151 < M H , we have ^ - l ^ - 1 - ^=\S\ - \S\ 2 > 0. Hence, 

AH 1 H 

^A|S| 2 >^(1-^W. 

Integrating and using Stokes' Theorem we have 

0> \ [ (l-z/ 2 )|5| 2 dS>0. 

Moreover (1 — z/ 2 ) • IS") 2 = 0. If u 2 = 1, again we have a slice, but this is not 
possible. Therefore \S\ = 0. Using Lemma I4~T1 we conclude the proof. 
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